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Abstract 
Ding, G., Clutters with z2 =2r, Discrete Mathematics 115 (1993) 141-152. 
Motivated by Lehman’s characterization of the minor-minimal clutters without the MFMC 
property, we propose a conjecture about the minor-minimal clutters with tlr< kq where k>2 is 
a fixed integer. We prove, without using Lehman’s theorem, this conjecture for the case k=2. We 
introduce diadic clutters, which are defined as clutters H with the property that 1 An BJ <2 for all 
edges A of H and B of b(H). For diadic clutters, we present explicitly all of the minor-minimal 
clutters with z2 < 2~. 
1. Introduction 
A clutter H is an ordered pair (V, E), where I/is a finite set and E is a set of subsets of 
V, such that A 1 $ A2 for distinct A 1, A2 EE. The members of V and E are called vertices 
and edges of H, respectively. We define the blocker of H to be the clutter b(H) = (V, E’), 
where E’ is the set of all minimal subsets Xc V, with X n A # 8 for all AEE. It is well 
known [l] that b(b(H))= H for all clutters H. Let VE V. We define H\u= (V- (u}, 
{AEE: u#A}) and H/v= b(b(H)\u). It is not difficult to see that the edges of H/u are all 
the minimal sets of the form A - {a), with AEE. Clearly, both H\v and H/u are clutters. 
We call these two operations deletion and contraction, respectively. It was shown in 
[2,4] that these two operations commute. If H and J are clutters such that J can be 
obtained from H by a sequence of these two operations, then we say, J is a minor 
of H. We consider the following parameters of a clutter H, where k is a positive 
integer: 
Q(H) = max {r: there exists a list of r edges of H, with repetition allowed, such 
that no vertex of H is contained in more than k members of this list} 
r,(H)=min(r: there exists a list of r vertices of H, with repetition allowed, 
such that no edge of H contains fewer than k members of this list} 
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Clearly, Q(H) = v,JH)= cc if E= { 01, and rk(H)= v,JH)=O if E =8. Usually, we 
write z(H) and v(H) instead of r,(H) and vl(H). 
(1.1) It is obvious that 
for all positive integers m, rr. 
(1.2) With observation (1.1) and some basic calculus, it is not difficult to prove that the 
sequences (z,(H)/k} and {v,(H)/k) converge and 
for all integers k> 1, where z*(H) and v*(H) are the limits of {z,(H)/k) and (v,(H)/k}, 
respectively. To those who are familiar with linear programming, it is not difficult to 
see that r*(H) is indeed always equal to v*(H). 
To understand the relationships between these r’s and v’s is one of the central 
problems in combinatorial optimization today. In this paper we are going to study the 
minor-minimal clutters with z2 < 22. This research is motivated by Lehman’s charac- 
terization of the minor-minimal clutters without the MFMC property. We shall 
explain this motivation in more detail later. 
Let H= (V, E) be a clutter and let w: V+Z+ (the set of nonnegative integers). For 
each UE V, let vi, . . . . v w(“) be new vertices. We define H, to be the clutter with 
V(H,)={vi: v~V, l<i<w(v)} 
and with edges all choices 
such that {u,,..., v,}EE. We say that H has the MFMC property (for max-flow 
min-cut) if z(H,)=z*(H,) holds for all WEZ?. Equivalently, H has the MFMC 
property if and only if z(H,) = Tk(H,,,)/k holds for all WEZ? and for all integers k > 1. 
Readers are invited to check that this definition for the MFMC property is equivalent 
to that of [3] under the name ‘MFMC equality’ and that of [S] under the name ‘weak 
MFMC property’. It is well known [3, 4, 61 that 
(1.3) Zf H has the MFMC property, then so does b(H). 
(1.4) The MFMC property is closed under taking minors. 
Because of (1.4), one naturally asks for an excluded minor characterization of the 
MFMC property. It turns out that this is a hard problem because there are a variety of 
different excluded minors known. For instance, the following are excluded minors: 
(1) The degenerate projective planes Fk (k> 2) with V(F,) = (0, 1, . . . , k} and 
E(F,J = { { 1,2, . . . , k}, (0, l}, (0,2), . . . , (0, k} >. Note that Fk = b(F,). 
(2) The set of hyperplanes of the Fano matroid. 
(3) The set of edge-sets of all odd circuits of Kg. 
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(4) The clutter D8 with V(D,)= { 1,2,. . . ,8} and E(D,)= { 126, 526, 348, 748, 813, 523, 
457, 671). Note that E(b(D,))= (1357, 2468, 154, 158, 372, 376, 124, 346, 568, 782). 
(5) The set of all consecutive triples from eight vertices arranged in a circle. 
Despite the wildness of these clutters, Lehman [6] proved the following theorem. 
(1.5) Suppose H # Fk (k 3 2) is a minor-minimal clutter without the MFMC property. 
Let t(H) = s, T( b(H)) = r and 1 V(H) I= n. Then rs > n, and there are precisely n members 
A 1, . . ., A,, of E(H) of cardinality r, n members B,, . . . , B, of E(b(H)) of cardinality s, 
and they can be numbered such that 
(i) lAinBil=rs-n+l (16idn) and IAinBjI=l (l<i, j<n,i#j), 
(ii) each vgV(H) lies in precisely r of A1,...,A,, s of III,...,&, and rs-n+l of 
A,nB, ,..., A,nB,. 
Note that if H is the clutter in the above theorem, then z,(H)/r d n/r < s = z(H). Thus, H 
is minor-minimal with q.(H)/r < t(H). This observation leads to the following conjecture. 
(1.6) Let ra2 be a jixed integer and H a minor-minimal clutter with z,(H)/r <z(H). 
Then at least one of the following is true: 
(1) H has a minor F, for some k 3 2. 
(2) H has the properties described in (1.5). 
It is obvious that the truth of this conjecture implies Lehman’s theorem. But the 
converse is not clear. We prove this conjecture for the case r = 2. Our proof does not 
assume a knowledge of Lehman’s theorem. This result is used to study diadic clutters, 
which will be defined in Section 3. For this class of clutters, we present explicitly all the 
minor-minimal clutters with z,(H)/2 < z(H). 
2. A special case of the conjecture 
We first present a sufficient condition for the existence of a Fk minor. Since the proof 
is straightforward, we leave it to the reader. 
(2.1) Zf a clutter H has three distinct edges A,,, A, and AZ such that AI - A0 = 
A2 - A0 is a singleton, then H has a minor Fk for some k > 2. 
Let H be a clutter. We define G(H) to be the graph with V(G)= V(H) and 
E(G) = (AGE(H): 1 Al = 2). Our first result is the following theorem. 
(2.2) Let H be a clutter with G(H) having at most two connected components. Then at 
least one of the following is true: 
(i) There exists AeE(H) with I Al < 1. 
(ii) H has a minor Fk for some k b 2. 
(iii) There exists a minor J of H such that G(J) is an odd circuit. 
(iv) G(H) is bipartite and, for every 2-coloring (X, Y) of it, there exists BEb(H), 
with B s X. 
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Remark. (2.2) might be false if G(H) has more than two connected components. The 
smallest counterexample is the clutter H on {1,2,3} with a single edge (1,2,3}. 
Obviously, H does not satisfy (i), (ii) and (iii), and to see that H does not satisfy (iv), 
take X=@. 
Proof of 2.2. We are going to show, by induction on 1 V(H)), that if a clutter H does 
not have properties (i) and (iv), and such that G(H) has at most two connected com- 
ponents, then either (ii) or (iii) holds. The result is clearly true if ( V(H)1 =O. 
Let G= G(H). Then E(G)#@ because (i) and (iv) are false and G has at most two 
connected components. Clearly, we may assume that G is a bipartite graph, for 
otherwise (iii) holds. Since (iv) is false, there exists a 2-coloring (X, Y) of G and an edge 
A of H such that A n X = 0. From the definition of (X, Y) we deduce that A$E(G) and, 
hence, 1 A ) 3 3 because (i) is false. 
We claim that we may further assume the following: 
(1) G is connected. 
For if G has two connected components G1, Gz, let (X,, Y,) and (X,, Y,) be the 
2-colorings of G1 and Gz, respectively, such that Y1 u Y, = Y. Since IAl >3, we may 
assume that I A n Y1 13 2. As a consequence, X1 # 0. Let H’ = H\( V(G2) -A). Choose 
Z s A n V(G,) maximal such that H’/Z contains no edge of size at most one. Clearly, 
G’=G(H’/Z) is connected and H’/Z does not have property (i). If G’ has an odd 
circuit, then (iii) holds for H’/Z and, hence, holds for H. If G’ is bipartite with the 
2-coloring (X’, Y’), then X’=X, and Y’= Y, u(A-Z). Since A’=A-ZEE(H’/Z) is 
a subset of Y’, it follows that H’/Z does not have property (iv). Therefore, by the 
inductive hypothesis, at least one of (ii) and (iii) holds for H’/Z and, hence, for H. 
(2) For every UE V(G)- A, G\v is disconnected. 
For suppose not; then there exists a vertex VE V(G)- A such that G\v and, hence, 
H\v is connected. Thus, H\v satisfies the inductive hypothesis and the result follows. 
Now let T be a spanning tree of G and let V, be the set of vertices of valency one in T. 
It follows from (2) that V, G A. Let x be a vertex of valency one in T\ V,. Clearly, XEX. 
If x is adjacent in G to at least two vertices of A, then (ii) holds for H by (2.1). Thus, we 
may assume that x is adjacent in G to at most one vertex of A. From the choice of x, 
we deduce that: 
(a) x is adjacent in G to exactly one vertex, say y, of A, 
(b) the valency of y in T is one, 
(c) the valency of x in T is two, and 
(d) G\x has exactly two connected components and one of them is the 
singleton { y}. 
(3) The valency of y in G is also one. 
For otherwise y is adjacent in G to another vertex x’#x. Then (Tu { (x’, y>>)\x is 
a spanning tree of G\x, contradicting (2). 
Let H’= H\x/y. Then G(H’) is connected (by (c) and (3) above) and H’ does not 
have property (i) (by (3)). We may also assume that G(H’) is bipartite for otherwise (iii) 
holds for H’ and, hence, for H. It is clear that (X - (x}, Y- { y]) is the 2-coloring of 
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G(H’). Thus, H’ does not have property (iv) and, so, the result follows from the 
inductive hypothesis. 0 
The following, one of our main results, is an application of (2.2). 
(2.3) If H is a minor-minimal clutter with z~(H)/~<~(H), then either H has a minor 
Fk for some k > 2 or G(H) is an odd circuit. 
Proof. It follows from the minimality of H that 
(1) for every proper minor J of H, z2 (J) = 2~( J). 
Take a list of tZ(H) vertices such that they meet each edge at least twice. In other 
words, take subsets X, Y of V(H) such that 
xn Y=& 1X)+2( Y(=T,(H) and IXnA1+2( YnAl>2 
for all AEE(H). 
Then we have the following observations: 
(2) Y=0. 
(*) 
For if there exists a vertex ye Y, let J = H\y. Then 
contradicting (1). Similarly, we can prove that 
(3) X= V(H). 
For if there exists VE V(H) - X, let J = H/v. Then 
again contradicting (1). Therefore, from ( *) we deduce that 
(4) for every edge A of H, (AI=IAnX)>2. 
Moreover, 
(5) u (AEG(H)} = V(H). 
For every VE V(H) = X, from the choice of X we deduce that there exists an edge A of 
H such that IA n (X - (v})l < 2. It follows from (4) that USA and (A) = 2 as required. 
For a contradiction, we assume that H has no minor Fk and G(H) is not an odd 
circuit. Then from (1) we may further assume that 
(6) H has no minor J with J = Fk or with G(J) being an odd circuit. 
Now G(H) is a bipartite graph because of (6). Let G’ be a connected component of G(H) 
with a 2-coloring (I’,, V,) such that ) VI I <I V,l. Then V,, V, #0 by (5). Take 
X ’ = V(H) - V(G’), Y’ = I’, . Then, by (2), the pair X ‘, Y’ does not satisfy (* ) and, so, there 
existsanedgeAEE(H)suchthat IX’nA(+2IY’nAldl.Equivalently,IX’nAl<land 
Y’nA=@ and, so, AnVl=O, IA-Vz/,161. Moreover, IAl> since G’ is a connected 
component of the bipartite graph G(H). Let J= H\(X’- A). Then it is clear that 
(7) G(J) is a bipartite graph such that (VI, V, WA) is a 2-coloring, 
(8) G(J) has at most two connected components. 
From (8), (4), (6), (7) and (2.2) we have a contradiction, as required. 0 
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The clutters Fk (k 3 3) show that the converse of (2.3) is not true. We do not know how 
to characterize the minor-minimal clutters with T~(H)<~~(H). The only thing we will do 
here is to present a class of fairly complicated minor-minimal clutters with r,(H) < 2z(H). 
Let G =( V, E) be a bipartite graph with a 2-coloring (X, Y) such that (X( = 1 Y ( + 1. 
Suppose that, for every nonempty proper subset Y’ of Y, the number of vertices in 
X adjacent to some vertex in Y’ is at least 1 Y’I +2. Then it is not difficult to check that the 
clutter H=( V, Eu (X}) is minor-minimal with rz(H)<2r(H). This example shows that 
the minor-minimal clutters with zz(H) < 27(H) might be very ‘irregular’. However, if we 
formulate the problem a little differently, we have the following nice result. 
(2.4) Let H = (V, E). Then z2 (H,) = 22(H,) for all WEZ? if and only if H has no minor 
J such that either J= Fk for some k> 2 or G(J) is an odd circuit. 
Proof. We first want to show that the property ‘z,(H,)=2z(H,) for all WEZ: is 
closed under taking minors. In fact, we are going to prove a much more general result. 
It is clear that the following claims are true for all clutters H = (V, E). 
(1) Let H’ be a minor of H and let w’EZ+ V(H’) Then there exists w~ZY such that .
(H’),, is a minor of H,. 
This is clear because the choice of w, with w(v) = w’(u) if UE V(H’) and w(v)= 1 if 
VE V- V(H’), satisfies the requirement. 
(2) If J is a minor of H with @$E(J), then there exists w~ZV, such that zk( J) = Q(H,,,) 
and vk(J)=vk(Hw) for all integers k> 1. 
Let J=H\X/Y and let Z= V-X- Y. We define w(v)=0 if OEX, w(v)=1 if VEZ, 
and w(u) = W if UE Y (where W is a large integer). Then it is straightforward to check 
that w satisfies the requirement. 
From (1) and (2) we deduce that 
(3) Let H’ be a minor of H with &#E(H’). If w’EZ?‘H”, then there exists w~ZV,, with 
zk (H,)= T~(H~,) and vk(Hw) = vR(HL,) for all integers k> 1. 
As a corollary of (3), we have the following result. 
(2.5) If P is a property of clutters concerning certain 7;s and v;s, such that every clutter 
(v, {s}) has property P, then the property ‘H, has P for all WEZT ’ is closed under taking 
minors. 
In particular, the property ‘z~(H,)= 22(H,) for all WEZY, ’ is closed under taking 
minors, as required. The rest of the proof of (2.4) is straightforward. 
only if: Because of (2.5), we only need to show that if H = (V, E) is a clutter such 
that either H = F, for some k>2 or G(H) is an odd circuit, then z2(H,)<2z(H,) for 
some w~Z?. This is clear because in the second case we can take w E 1, and in the first 
case we can take w, with w(O)=k-1, w(i)=1 for l<i<k. 
If: For suppose r2(H,) < 2r(H,) for some WEZV,. We take a minor J of H, such 
that J is minor-minimal with z2(J)<2t(J). From (2.3) we deduce that either J has 
a minor Fk for some k > 2 or G(J) is an odd circuit. It is clear that in both cases J must 
be a minor of H, contradicting the assumption. 0 
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Now with (2.3) we want to prove the following result. 
(2.6) Conjecture (1.6) is true for the case r=2. 
Proof. Let H = (V, E) be minor-minimal with z,(H)/2 <z(H). Suppose that H has no 
minor Fk for any k 3 2. Then from (2.3) we deduce that G(H) = (V, F) is an odd circuit. 
Let J=(V,F) and let F*={BeE(b(J)): IB(=z(J)}. Then we claim that 
(1) F*rE(b(H)). 
Let V={l, . . . . n}, where n> 1 is odd, and let 
F={{l,2},(2,3},...,{n-l,n},{n,l}}. 
Suppose that F* $ E(b(H)). Then we may assume, without loss of generality, that 
B = {2,4, . . , , n-3,n-l,n}EF*--(b(H)). 
Choose AEE with IAl minimum such that An B=@. Let 
i=min{x: x~A}, j=min{x: xEA-{i}}, P={x: i<x<j} 
and let H’ = H \( V- A - P)/(A - (i, j}). Then H’ has an edge of size one, for otherwise 
G(H’) contains an odd circuit, contradicting the minimality of H. Therefore, there is 
an edge A’EE such that A’s(A-{i})uP, lA’l<lAl and A’-A is a singleton {i’]. We 
choose this A’ with i’ minimal. It follows from the minimality of 1 A 1 that i’ is an even 
number, for otherwise A’ is better than A. Let 
j’EA’n A, P’=(x: i<x<i’}, Z=AnA’-(j’) 
and let H’ = H\( V- A-P’)/Z. It is clear from the minimality of i’ that 
{i,i+ 11, . . . . {i’- 1, I’ >, {i’, j' } are edges of H’. If there is an edge A” c (A - Z) u {i’ } of 
H’ different from {i’, j’} and A -Z then, by (2.1), H’ and, hence, H has a minor Fk, 
a contradiction. Thus, we conclude that G(H”), where H” = H’/(A- Z- {i, j’}), is not 
bipartite, again contradicting the minimality of H. 
From (1) we deduce that t(H) < z(J). But, on the other hand, F cE and, thus, 
T(J)<T(H). It follows that s=z(H)=r(.J)=(n+ 1)/2. To finish the proof of (2.6) we 
only need to show that there is no edge BEE(~(H))- F * of cardinality s. This is clear 
because, for any BEE(~(H)), BzB’ for some B’EE(~(J)) (since Ez F) and, therefore, 
IBI=s implies B=B’eF*. 0 
Finally we finish this section by proposing a question. From Section 1 we have seen 
that there is a variety of different minor-minimal clutters without the MFMC 
property. But if we define f(H)=min{z(H), z(b(H))}, then all of them have the 
property that f(H) < 3. Thus, we may pose the following question. 
Question. Are there minor-minimal clutters without the MFMC property having 
arbitrarily large f values? 
Because of Lehman’s theorem, this question can be asked in another way. 
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Question. Is there a number K (for instance, K= 3) such that the following are 
sufficient for a clutter H to have the MFMC property? 
(i) H has no minor Fk for all k>2. 
(ii) z,(H,)/k=T(H,) and z,((b(H)),)/k=z((b(H)),) for all w~Zy(~) and l<k<K. 
3. Diadic clutters 
A clutter H is diadic if IA nBI 6 2 for all AeE(H) and BeE(b(H)). Obviously, if 
a clutter is diadic then so is its blocker and so are all of its minors. Examples of diadic 
clutters are graphs (clutters with all edges of cardinality two), circular arc clutters 
(clutters with edges consecutive subsets of a set of vertices arranged in a circle) and 
their blockers. But these are not all the diadic clutters. For instance, the clutter 
D8 defined in Section 1 is diadic but it is not of any type we just mentioned. We 
remark here that Fk is not diadic for any k 2 3. The following is an obvious but quite 
useful characterization of diadic clutters. 
(3.1) A clutter H = (V, E) is diadic if and only if for all distinct edges A,,, A,, A,, A3~E, 
and all distinct vertices al,a2,a3E V, with ai~(A,nAi)-(AjuA,) (i= 1,2,3, 
{j,k}={l,2,3}-{i}), h t ereexistsanedgeAEE,withAs(A1uA2uAj)-{al,aZ,u3}. 
Let C2k_l and Cik_r be clutters on {1,2,...,2k-1) for ka2, such that 
~(~2,-~~={(~,~),{~,3},...,{~~-~,~~-~},{~~-~,~}), 
E(Cik-l)={{i+l ,..., i-t-k}:i=l,2 ,..., 2k-1 
(with addition modulo 2k - 1)). 
Then the following theorem is true. 
(3.2) For every integer k32, there is at most one diadic clutter H =( V, E), with 
1 VI = 2k - 1, such that G(H) = (V, F) is a circuit and E # F. 
Proof. Let us name the vertices of H by 1,2, . . . ,2k - 1 such that 
(1) F=E(G-I). 
Since E # F, there exists an edge A0 = (aI, a2, . . . , a,} of H, with r > 2. We apply (3.1) 
to A0 and the edges Ai = {ai, at + l} (all the additions and subtractions in this and the 
next proof are taken with modulo 2k - 1) for i = 1,2,3; then there is an edge AE E with 
Ac{a, +l,~+l,a,+l}=X. Clearly, A$F and, thus, A=X. We then apply (3.1) to 
A and the edges Ai (i= 1,2,3), it follows that there is an edge ALEE, with 
Abz{aI,a,,a,jcA,. Therefore, A0 = AL and, hence, IA,,1 = 3. Since A,EE - F was 
chosen arbitrarily, we conclude that 
(2) for every AEE-F, lAI=3, 
and 
(3) if {al,a2,a3}EE-F, then (aI+1,a2+1,a3+1}~E-F. 
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Similarly, we have 
(3’) ij-{(a,,a,,a,}~E-F, then {a,-l,az-1,a3-1)~E-F. 
Now let Ao={aI,az,a3)~E-F, with al<az<u,. It is clear that u2-ul, 
u3 - u2, ai - u3 > 2. As a matter of fact, we have 
(4) u,-u,,u,-u~,u~-u333. 
For if (say) u2 --a, =2, that is, u2- 1 =a1 + 1, we apply (3.1) to A,, 
(ul,ul + l}, {u2- 1,~~) and (u3- 1,~~). Then there is an edge A of H contained in 
{a2 - 1,~~ - l> =X. It follows that X is an edge of G(H), contradicting (1). 
If u2-ur>3, we apply (3.1) to Ao,{u1,u,+1},(u2,uz-1) and {~~,a,-1). It is 
clear then that {u,+1,u2-l,u,-l)=x~E-F. Thus, by (3), we have 
(5) if al-ul>3, then fu,+2,az,u3}~E-F. 
Similarly, we have 
(5’) $a,-u1>3, then {u1,a2-2,a3}eE-F. 
It follows from (4) and (5) that 
(6) a2 -a,, u3 - u2 and aI - a3 are odd numbers. 
Conversely, for any subset A, = (al, a,, u3} of V, with al <a2 < a3, satisfying (6), it 
follows from (3), (5), (5’) and the fact E-F #@ that A,EE- F. Therefore, we have 
shown that 
(7) Ao={uI,az,u3}~V, with u,<u2<u3, is an edge of H if and only lf (6) is 
sustisjed. 
From (l), (2) and (7) we deduce that there is at most one diadic clutter with the 
required properties. 0 
With (3.2) we shall prove the following result. 
(3.3) If H is a diudic clutter and G(H) is an odd circuit, then H = Czk_ 1 or b(Ck,,_ 1) for 
k=(l V(H)1 + 1)/2. 
Proof. Let J= b(Ck,,_ I)=( V, E), with k3 3. Then the following observations are 
obvious: 
(1) For every ~IzV, (i, j}EE if and only if j=i+k-1 or i+k. 
(2) {l,k-1,2k-3)EE. 
Thus, from (1) we deduce that G(J) is an odd circuit and from (2) we deduce that 
E#F. 
Now if H = CZk _ 1 then we are done. If H # CZk _ 1, then H satisfies the conditions in 
(3.2). On the other hand, J also satisfies the same conditions. Thus, by (3.2), H = J as 
required. 0 
Therefore, we are ready to prove the following result. 
(3.4) The only minor-minimal diudic clutters with z2(H)/2<z(H) are CZk_ 1 and 
b(Ck,,_,) for all k>2. 
Proof. Let Z be the class of clutters Czk_ 1 and b(Clk_ 1) for all k > 2. Then from (2.3) 
and (3.3) we only need to show that, for any two different clutters H and H’ in Z, no 
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one is a minor of the other. Clearly, if H= CZk_-l then HE% is a minor of H if and 
only if H’=H. If H=b(Cj&_i) then, for any VEV(H), b(H/v)=Ck,,_i\v is an interval 
clutter (a clutter with edges as consecutive subsets of a set of vertices linearly ordered). 
Since there is no H’E%? such that b(H’) is an interval clutter, it follows that if H’EA? is 
a minor H, then H’ = H\X for some X G V(H) (note that a minor of an interval clutter 
is also an interval clutter). Obviously, this is impossible. Thus, we finish the proof. 0 
Remark. It is natural to ask for the excluded minor characterization of diadic clutters 
with s,(H) = 27(H) and r3 (H) = 3s(H). Except examples from circular arc clutters, the 
only known excluded minor is Ds. We emphasize here that if the answer for the 
problem we asked at the end of last section (K=3?) is positive, then this problem is 
equivalent o characterizing diadic clutters with the MFMC property. 
4. A dual property 
In this section, we are going to study the following property of a clutter H = (V, E): 
(P): z(H,)32 impliesv(H,)>2 for all WEZ?. 
First note that 
(4.1) Fk does not have property (P) for any integer kk2. 
Next we observe from (2.5) that property (P) is preserved under taking minors. It 
follows that 
(4.2) Zf a clutter H has property (P), then H has no minor Fk for any k>2. 
Another observation about property (P) is that 
(4.3) Zf a clutter H = (V, E) has property (P), then z2(Jw) =2~(5,) for all WEZT, where 
J = b(H). 
Proof. For suppose not; then there exists a clutter H = (V, E) with property (P) which 
is minor-minimal with r2( J,) < 24 J,) for some weZy, where J = b(H). From (2.4) 
and (4.2) we deduce that G(J) is an odd circuit. Thus, z(H)=2 and v(H)= 1 (because 
IBI > VI/2 for all BEE(H)), contradicting (P). 0 
Let Q6 be the clutter defined on { 1,2, . . . ,6}, with E(Q,) = { 135,146,236,245}. Then 
H = Q6 is minor-minimal without property (P). But, on the other hand, Qs has the 
MFMC property [S]. This example shows that the converse of (4.3) is not true. We 
now want to prove a result about property (P) parallel to (2.3). 
(4.4) Let H =( V, E) be minor-minimal without (P) and let weZ5 be minimal such that 
z(H,)a2 and v(H,)= 1. Then w(v)= 1 for all VE Vand at least one of thefollowing is true: 
(i) H= Fk for some kB2; 
(ii) G( b(H)) is an odd circuit; 
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(iii) G(J) is bipartite for all the minors J of b(H) and G(b(H)) has at least three 
connected components. 
Remark. It is easy to see that Q6 satisfies (iii) but not (i) or (ii). This example shows 
that (iii) is independent of (i) and (ii). 
Proof of (4.4). We first show that w(v) = 1 for all UE V. For if there is a vertex VE V with 
w(u) = 0, then H, = (H\v),, , where w’= w IV_(v). Thus, H\v has no property (P), 
contradicting the minimality of H. Therefore, w(v)> 1 for all VE V. Suppose now 
w(v)>2 for some VEV. Then z(J)3s(H,)32 (where J=(H/v),. and w’=w~~_~~~) and, 
hence, v(J)32 by the minimalityofH. Let A,,A,eE(J), with Ai nA2=0 and let v1,v2 
be copies of v. It is obvious that there are two edges of H, contained in Ai u{v’}, 
A1u{v2} respectively. Thus, v(H,)>2, a contradiction. Therefore, w(v)= 1 for all 
VE v. 
Next we prove that if(i) and (ii) are false, then (iii) holds. Clearly, we may assume 
that G(J) is bipartite for every minor J of b(H), for otherwise (ii) holds. For a contra- 
diction, we assume that G@(H)) has at most two connected components. We apply 
(2.2) to b(H). It is clear that (i), (ii) and (iii) of (2.2) are false and hence (2.2.iv) holds. 
Take a 2-coloring (X, Y) of G(b(H)), then (2.2.iv) implies that there are two edges 
A,, AZ of H contained in X and Y, respectively, contradicting v(H)= 1. 0 
For diadic clutters, we can prove a much stronger result. 
(4.5) The following are equivalent for all diadic clutters H = (V, E): 
(i) b(H) has property (P); 
(ii) z~(H~)/~=T(H,+,) for all WEZT; 
(iii) H has no minors CZk_ 1 and b(Ck,, _ 1) for all k 2 2. 
Proof. Clearly, we only need to show that (iii) implies (i). 
Let H be a minor-minimal clutter with b(H) not having property (P). Then it is 
enough to show, by (3.3), that G(H) is an odd circuit. We first claim that 
(1) u {AEE(G(H))) = V. 
For if there exists VEV which is not contained in any AEE(G(H)), then we may 
replace H by H/v, contradicting the minimality of H. 
(2) For every BeE(b(H)), there exists A,eE(G(H)), with A,sB. 
For otherwise there is BEE(~(H)) such that, for all AEE(G(H)), A-B#0. Since 
H is diadic, A-B#0 for all AEE with I Al 3 3. Therefore, A -BZQ), that is, 
An(V(H)-B)#fl for all AEE. It follows that there exists B’gE(b(H)), with 
B’ E V(H) - B and, thus, v( b(H)) 3 2, a contradiction. 
For a contradiction we assume that G(H) is not an odd circuit. Then from the 
minimality of H we deduce that G(H) is bipartite. Let VI, V, be a 2-coloring of G(H). 
Choose BEE(~(H)), with B1 =Bn VI minimal. Let AB be the edge determined in (2) 
and let ABn VI = {x}, A,n V2 = Ix’>. It follows from the minimality of B1 that there 
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exists AEE, withAn(V,u(B,-{x}))=@. Ob viously,xeAandIAJ>3.Lety,zbetwo 
distinct vertices of A which are different from x, and let { y, y’}, {z, z’} be two edges of 
G(H) (they exist by (1)). It is clear that y’, z’cBn V,. Now we apply (3.1) to 
4 {x4’}, {Y,Y’> and {z,z’}. Then there is an edge A’EE contained in the set 
{x’,y’,z’}~Bn Vz. From A’s Vz we deduce that IA’123 and, thus, [A’nBI=IA’I23, 
a contradiction, as required. 0 
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